Many negative reactions to Catastrophe Theory have been triggered by overly simplistic applications unintended and unsuited for statistical-econometric estimation, inference, and testing. In this paper it is argued that stochastic catastrophe models constructed using the Expansion Method hold the most promise to widen the acceptance of Catastrophe Theory by analytically oriented scholars in the social sciences and elsewhere. The paper presents a typology of catastrophe models, and demonstrates the construction and estimation of an econometric expanded cusp catastrophe model of economic growth.
INTRODUCTION
Catastrophe Theory (CT) , that originated with Thom's (1975) ' Structural Stability and Morphogenesis', aroused an initial intense interest that was later followed by a spate of criticisms. Today CT is very much alive, but perhaps is not having the impact it could and should. The major factors hampering its progress are (a) that many applications of CT are regarded as much too abstract and simplistic by substantive scholars, and (b) that CT has not entered yet to a sufficient extent into the modeling phase centered upon statistical econometric estimation and inference.
The focus of this paper is upon the application of CT. The paper discusses and implements a 'Modeling Perspective' intimating that the mathe-185 matical models of any aspect of reality are the central point of any application of mathematics. This perspective calls for defining what mathematical models are and how they are constructed. One of the two fundamental modes of model construction is by 'expansions', namely, by modeling the parameters of a preexisting model. The Expansion Method articulates the rationales and the operational specifics for constructing by expansions more complex and realistic models from simpler ones.
In the sections that follow, first the salient traits of CT are briefly reviewed. Then the Modeling Perspective and the Expansion Methodology are outlined and applied to catastrophe modeling, and in the process the scope and variety of catastrophe models is discussed and a typology 186 E. CASETTI of these models is proposed. Finally, to demonstrate the leitmotifs of the paper an expanded econometric cusp catastrophe model of modern economic growth is constructed and estimated.
CATASTROPHE THEORY
Let us begin from some generalities on the nature and significance of catastrophe theory. Over the years, the various components and themes of CT have been emphasized to different degrees. For instance, Thom's classification theorem had a prominent role early on, a lesser one in later years, and virtually disappears from consideration in the work of scholars such as Arnol'd.
According to Arnol'd (1992, p. 2) "the origins of catastrophe theory lie in Whitney's theory of singularities of smooth mappings and Poicare and Andronov's theory of bifurcations of dynamical systems". It seems fair to say that together with Bifurcation Theory, Catastrophe Theory is today regarded as a branch of the modern Non-Linear Dynamics (Drazin, 1992; Tu, 1992; Glendinning, 1994) .
It is to some extent a matter of interpretation what exactly CT is because of its evolution after its original statement by Thorn. The literature on CT has been substantially influenced by early supporters such as Zeeman (1977) and Poston and Stewart (1978) , by its critics (Zahler and Sussmann, 1977; Sussmann and Zahler, 1978; Arnol'd, 1992, p. 102 if) , and by the many scholars who used it and applied it in substantive fields. The reviews of CT applications such as the ones by Gilmore (1981) , Wilson (1981) , Lung (1988) , Rosser (1991) and Guastello (1995) , attest to the impact that CT has had.
A key point of CT since its very beginning is that 'systems' are found in 'stable equilibrium states'. Under conditions of 'structural stability' small changes in systemic 'control parameters' bring about small changes in these stable states. However, small changes in control parameters across 'critical' thresholds will cause stable equilibria either to disappear, or to 'bifurcate' into multiple equilibria, some of which are stable. The appearance of multiple stable equilibria at critical points in control space is a special case of the bifurcations dealt with greater generality by Bi- furcation Theory (Hale and Kocak, 1991) .
In 
Expansion Modeling
The expansion modeling (Casetti, 1972 (Casetti, , 1986 (Casetti, , 1997 Let us focus here on typologies based on analytical catastrophe structures, that apply also to the models in which these structures appear. In the process, we will touch upon the possible relation of supportive or critical reactions to CT that can be traced to the comparative abundance or scarcity in the catastrophe literature of certain types of models/structures.
The following typologies will be discussed:
(a) the elementary catastrophe models and their duals; (b) gradient and potential models; (c)canonical, generalized canonical, and non-canonical models; (d) expanded and non-expanded models; (e) deterministic and stochastic models.
These typologies are concurrent, so that a catastrophe model or structure can be classified in terms of all the five dimensions outlined above. Thus, for instance, we can have a dual-cusp canonical unexpanded deterministic gradient catastrophe model. It is useful to note that a large number of different catastrophe models exist or can be constructed. It is not necessarily true that all catastrophe scholars are aware of all of them. The scope and usefulness of applied catastrophe work can benefit from a greater awareness of the many options available. Let us now proceed with a discussion of these typologies taken in sequence.
Primal and Dual Catastrophe Models
In this paper we will confine ourselves to the 'elementary catastrophes', which are the fold, cusp, swallowtail, butterfly, plus the hyperbolic elliptic and parabolic umbilics. The first four involve one state variable, the umbilics, two. The identification of specific types of catastrophes and of their 'duals' (Wilson, 1981, p. 
In general, the relations between primal and dual catastrophes are (5) and the relations between potential and gradient formulations are
These analytical structures become mathematical models when the variables and parameters in them are linked to a substantive frame of reference. Since these typologies differentiate types of analytical mathematical structures, they are also typologies of catastrophe models. That a catastrophe can be formalized using either potential or gradient structures is a strong point of catastrophe modeling. Within the frame of reference of CT the systemic equilibria correspond to the optima of a potential function, that are also the stable equilibria of the gradient differential equations implied by the potential function. These twin formalizations open the way to developing substantive theory in terms of both systemic optima and their related dynamics (Casetti, 1991) . This possibility, however, does not appear to have received as much attention as it deserves.
where the subscripts P and D stand, respectively, for primal and dual.
The canonical gradient cusp structures are 0 --(X a t-btX q-1:)
for the primal cusp and
for the dual cusp, where k denotes the derivative of x with respect to time. (3) and (4). This link will be revisited and elaborated upon later in this paper. The c's can be regarded as reduced form parameters, while the link parameters h and w plus the control parameters u and v will be referred to as structural parameters of the generalized cusp catastrophe equation. Alternative approaches to generalizing canonical models are discussed for instance in Brown (1995, p. 61) and in Cobb and Zacks (1985, p. 798) .
A difference between generalized canonical and canonical models is in that the former influence through h the speed at which the state variable(s) approach their stable equilibria. This is in contrast with conventional CT, which presupposes that systems are in stable equilibrium states.
The perfect delay and the Maxwell conventions are rules for determining in which equilibrium states the system is found when multiple equilibria materialize. According to the first convention the system remains in an equilibrium state until its disappearance. In terms of the Maxwell convention the system jumps from an existing equilibrium state to a better one as soon as the better equilibrium appears or becomes better. Both conventions, however, presuppose that the system instantly reaches an equilibrium and follows it as it changes.
In the generalized canonical gradient models, variables) , and the dynamics of the slow variables that span the control space. The slow dynamics is formalized by differential equations which specify the rate of change over time of control parameters such as u and v in the example above, as a function of time, of control parameter 'levels', or of slow variables. The fast variables adjust rapidly to their stable equilibrium levels, so that a system characterized by a fast and slow dynamics will reflect the changes in the stable equilibria of the fast variables resulting from the changes in control parameters produced by the slow dynamics.
An early example is given in Zeeman (1972 Zeeman ( , 1973 . In the fast/slow dynamics formalisms, the slow-dynamics equations are expansion equations of the initial model's (control) parameters, while the initial model is represented by the fast variables' equations.
The differential handling of the fast and slow variables constitutes an important methodological contribution implicit in Thorn's initial formulation of the catastrophe theory (Thorn, 1975) , but made explicit and placed into focus by Zeeman (1977, p. 65 
if). Its use in connection
with the application of non-linear dynamics in the spatial sciences has been advocated and theorized by Dendrinos and Mullally (1981, 1985) and Dendrinos and Sonis (1990) . A related frame of reference in which fast and slow dynamics concepts appear is Haken's 'synergetics'. Haken (1983) views dynamic systems in terms of slowly moving 'order parameters' and fast moving 'slave' variables or subsystems.
In the catastrophe and non-linear dynamics literatures, we encounter variables that are fast, variables that are slow, and constants. Also, the fast-slow dychotomy itself may be replaced by multiple 'relative speeds of change' (Wilson, 1981; Dendrinos, 1989 The expansion of a generalized canonical model can be carried out with respect to structural parameters such as h, w, u, and v for the cusp, but also with respect to the reduced form parameters such as the c's in (8) . If the latter are expanded, at each point in expansion space a set of c's becomes defined from which the values of the structural parameters for that point can be computed. This is the approach applied in the demonstration presented later in this paper. The implications of expanding some or all the parameters of a non-canonical catastrophe model are likely to be model specific and no attempt is made here to address them in generalities.
Deterministic and Stochastic Models
With some notable exceptions such as for instance Guastello (1982, 1987, 1988) , CT has not entered yet to a sufficient degree into the inferential stage, and tends to be identified with abstract deterministic models by scholars from fields in which preferences for models intended for inference are firmly established.
Yet, though, catastrophe models and structures can be deterministic or stochastic. The deterministic models are useful to formalize theory and to identify modalities of phenomena, but cannot be used for validation based on estimation and inference. For these, the deterministic models have to be converted into stochastic models by reformulating them as stochastic processes and/or by adding error terms to them.
The stochastic models can be differentiated into statistical and econometric, although the difference between these is not clear cut. The statistical models tend to be constructed by reformulating a deterministic catastrophe structure as a stochastic non-linear difference or differential equation. These equations can be investigated analytically, numerically, or by simulations, to obtain the probability density functions of the state variables that they imply, and in order to determine appropriate estimation approaches (Cobb, 1978; Cobb et al., 1983; Cobb and Zacks, 1985) .
The econometric catastrophe models can be constructed by adding error terms to deterministic models while at the same time redefining some or all of their variables into random variables. Econometric modeling is employed in the example discussed later in this paper. First, though, let us touch upon some aspects and themes of econometrics that are relevant to catastrophe modeling.
A major portion of econometrics centers on the estimation based on empirical data of deterministic relationships that originated in mathematical economics. In fact, some authors have identified econometrics with this tradition. For example Johnston (1963, p. catastrophe literature are deterministic, unexIn the earlier econometrics the error terms panded, and are often based on canonical strucwere assumed to be well behaved RVs, normally tures. These types of models tended to be and independently distributed and with expectaassociated with an abstract and oversimplified tion zero and identical variances. Today, howsubstantive modeling, based on variables unreever, the assumptions of independence (temporal lated to empirical referents and on relationships and spatial) and of homoschedasticity are rouinadequately anchored to the causative presuppotinely tested, and when the null hypotheses of sitions and mechanisms that are so prominent in independence and homoschedasticity are rejected substantive literatures. Possibly, the future prosthe conversion of the deterministic model into an pects of CT's applications rest on the types of econometric one may involve not only suitably models that are better suited to fit within estabspecified error terms, but also temporally or spalished substantive analytical literatures. These tially lagged dependent and or independent varimodels are more likely to be based on generalables. The 'spatial' econometric developments in ized canonical or non-canonical catastrophe this general area represent a research frontier, structures, and to be expanded and stochastic. and have been extensively reviewed and devel-
The demonstration that follows centers on the oped in Anselin (1988, 1992a, b) .
construction and estimation of an expanded ecoFinally, let us note that in the more recent nometric cusp catastrophe model of modern ecoeconometrics, the concept of 'data generating nomic growth. It involves the modeling of economic process' (Spanos, 1986; Darnell and Evans, 1990;  growth over the 1700-1910 time span. The earDavidson and MacKinnon, 1993) has been used lier portion of this time horizon was still characto justify including 'additional variables' at the terized by a premodern dynamic. In premodern stage when an econometric model is constructed times the product per capita grew very slowly.
from a deterministic one. Such additional variWith the industrial revolution, in the countries ables are not part of the theoretical deterministic that experienced it, the product per capita went model, but are required by the data generating through a phase of accelerated 'explosive' growth, process which produced the data in which the later followed by retardation. The question is: theoretical relationship under consideration is how, and on the basis of which reasoning, can embedded. All the developments touched upon we formulate a single mathematical model caphere are .potentially relevant to the construction able of representing these behaviors? of econometric catastrophe models.
In the sections that follow, first the aspects of It is important to point out that every one of the cusp catastrophe that are relevant to the the types of catastrophe models and structures modeling of modern economic growth are brought In the gradient canonical equation of the cusp catastrophe (3) x is the state variable, and u, v are control parameters. In Zeeman's terminology u is a 'splitting factor' and v is a 'normal factor'. The parameter u determines whether the system has one or can have two stable equilibria. When u > 0 only one stable equilibrium can exist whatever the value of v. When u < 0 it depends upon the values of v whether the system has a single low level stable equilibrium, or a low level and a high level stable equilibria, or a single high level equilibrium. Suppose that v=0 and that u changes from a positive value to a negative one.
At u=0 the stable equilibrium that exists for u >0 bifurcates into a low and an high stable equilibria.
The equilibria of (3) are the values of x for which 2--0, namely for which
The set of values of x that satisfy simultaneously (14) and (15) denote those equilibrium x's at which the extrema of 2(x) touch the zero axis. Eliminating x from (14) and (15) By 'comparing' Eq. (8) and (11) the c's in (8) can be related to the structural parameters u, v, h, and w, as follows:
OZ 2 3hw,
Oz 0 h(w 4-glw 4-1).
If the c's are given, from (17) through (20), we can easily obtain the linkage parameters h and w and the control parameters u and v. Namely
w-c2/3c3,
V-(Oo/OZ3) (2/33)((1/3) 2(2/33)2).
The values of x in correspondence to which attains a local maximum or minimum satisfy the 
We can then estimate the c's using empirical data, and then using (21)- (24) In closing on this point let us note that the parameters of (27) could be also expanded into variables indexing a substantive context to produce a terminal model suited for a 'comparative dynamics' analysis. Such model could establish, for instance, whether changes in dynamics occurred when and where across the substantive context considered.
Let us now consider why and how these concepts and related mathematical structures can be applied to the modeling of modern economic growth. Specifically, let us discuss briefly 'modern economic growth', then bring into focus why the cusp catastrophe notions can give a useful insight into its dynamic, and articulate how a cusp catastrophe model ofmodern economic growth can be arrived at.
A Cusp Model of Modern Economic Growth
The dynamics of the product per capita, y, for the countries of North-West Europe over the 1700-1910 time horizon was characterized by the following. Before the industrial revolution, that started circa in 1750 in the UK, the product per capita was stagnant at premodern low values. It has been noted that in premodern times the rate of growth of y was so small to be negligible over any short to medium time interval. Instead, the industrial revolution brought about a phase of accelerated growth of product per capita, that was eventually followed by a phase of retardation (Kuznets, 1966; 1967; . Economic growth theory has been a leading theme in modern economics (Hamberg, 1971; Burmeister and Dobell, 1970; Wan, 1971; Barro and Sala-I-Martin, 1995) .
The premodern stagnation in product per capita has been theorized as the results of a Malthusian trap (Boulding, 1955) . The explosive growth of y at the onset of the industrial revolution has been the focus of extensive theoretical and historical literatures (Nelson, 1965; Leibenstein, 1957; Rostow, 1960; Kuznets, 1971 In order to remedy this substantial shortcoming of the data 'prior information' has to be entered into the analysis. This could be accomplished by Mixed Estimation, or by Bayesian regression. The approach followed here was based on a 'quick and dirty' constrained regression, that represents a limiting case of Mixed Estimation and can be justified by a sufficiently strong confidence in the prior information. Specifically, the estimation of (27) was carried out subject to the condition that in the year 1700 the product per capita of the countries in the sample was 100 US 19605 per capita, and its rate of growth was zero.
A description of the specification search carried out to parametrize Eq. (27) The evaluation of this estimated equation centers on determining whether it is consistent with the notion that the dynamics of product per capita for the countries and time horizon selected involved a cusp catastrophe. The first step consisted in plotting the (y) relationship it implies at a sequence of points in time, and specifically, for the years 1725, 1750, 1775, and 1800. For the sake of clarity, let us be reminded that the (y) relationship, is between the percentage rate of change of product per capita, , and the product per capita, y. The plots are given in Fig. 1 . Figure shows that between 1725 and 1800 a change in topology did occur. The 1725 curve intersects the zero axis in one point only, thus indicating that before the industrial revolution only a low level 'Malthusian' stable equilibrium existed. The 1750 and 1775 curves show three equilibria: a low level stable equilibrium, a high level stable equilibrium, and an unstable equilibrium between them. Finally, the 1800 curve is characterized by a single stable high level equilibrium.
The second evaluation of the estimated equations is in terms of estimated structural parameters. The regressions are based on substantive variables and parameters. The structural coefficients and variables are the control parameters and state variable that appear in CT, plus the h and w parameters that link the CT to the substantive variables. There is a substantial advantage to be gained by obtaining estimated structural parameters: in this manner we can relate different estimates within the same substantive problem, as well as estimates from altogether different analyses in the same and in other substantive areas to the common yardsticks represented by the control parameters u and v.
The approach to obtaining estimated u,v,h, and w, that is employed here is fully general. As soon as we have estimates of the c's appearing in Eq. (26), we can calculate from them the structural parameters using Eq. (21)-(24). These estimated c's are obtained directly when we are dealing with unexpanded catastrophe models. Whenever instead we .are dealing with expanded models, the estimated expansion equations can be used to evaluate estimated c's at any point in expansion space. Then, from these we can again obtain the estimated structural parameters for that point in expansion space using Eq. (21)- (24). In this demonstration, the expansion space is time. The estimated c's were computed for the years 1700, 1710,... through 1850, and then estimated structural parameters were obtained from them. The trajectory in control space corresponding to the estimated u and v is shown in Fig. 2 crossed twice. Trajectories crossing the catastrophe set twice are the ones that produce the succession of topologies with one, then two, and then again one stable equilibria typical of the cusp catastrophe.
CONCLUSION
The themes discussed in this paper are all concerned with the application of catastrophe theory. Specifically, the paper touched upon these questions: what did CT add to our ability to construct mathematical models of realities? Why CT was received early on with an enthusiasm later followed by a wave of sharp criticisms? What are the prospects for CT's future? The applications of mathematics in general, and in this case of CT, center on the mathematical modeling of realities. The mathematical models come into existence when analytical mathematical structures such as equations are linked to a substantive frame of reference by interpreting substantively the variables and parameters in the structures. The application of CT involves linking analytical catastrophe structures to the substantive frames of reference of substantive disciplines. The positive response that followed the introduction of CT was due to its having generated a widespread awareness of the discontinuities brought about by the smooth change of control parameters across critical threshold, and by having pinpointed well-defined catastrophe types, some of which proved very useful. However, the catastrophy models based on canonical formulations prevalent in earlier applications were often imperfectly suited to the practices of the substantive scholars, especially in the social sciences. This mismatch contributed to the critical appraisals of CT. In this paper it is argued that non-canonical, expanded, stochastic catastrophe models and structures hold considerable promise with respect to the application of CT. The themes of this paper were demonstrated by constructing an econometric expanded gradient generalizedcanonical cusp model of modern economic growth, and then by estimating it and evaluating its performance.
